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A three-dimensional light-like foliation of a spacetime geometry is one particular way of studying
its light cone structure and has important applications in numerical relativity. In this paper, we
execute such a foliation for the Kerr-Newman-AdS black hole geometry and compare it with the
lightlike foliations of the Kerr-AdS and Kerr-Newman black holes. We derive the equations that
govern this slicing and study their properties. In particular, we find that these null hypersurfaces
develop caustics inside the inner horizon of the Kerr-Newman-AdS black hole, in strong contrast
to the Kerr-AdS case. We then take the ultra-spinning limit of the Kerr-Newman-AdS spacetime,
leading to what is known as a Super-Entropic black hole, and show that the null hypersurfaces
develop caustics at a finite distance outside the event horizon of this black hole. As an application,
we construct Kruskal coordinates for both the Kerr-Newman-AdS black hole and its ultra-spinning
counterpart.
I. INTRODUCTION
One of the most important aspects of any spacetime
geometry is its causal structure. The causal structure
of a spacetime allows us to understand what cause and
effect means within that geometry. Studying the causal
structure of a spacetime is equivalent to studying how
light cones behave within it. For example, light cones in
Minkowski spacetime are spherical and propagate out-
ward with an areal radius that is affinely parameterized.
Thus, Minkowski spacetime has a well defined notion of
causality. Generalizations of this to spherically symmet-
ric black holes can be straightforwardly obtained.
Studying the light cone structure of more compli-
cated geometries presents more of a challenge. Three-
dimensional null foliations have already been studied
for more complicated geometries such as the Kerr black
hole [1] and, only recently [2], the Kerr-AdS black hole.
In particular, it was shown that null hypersurfaces in
Kerr geometries were free of caustics for all r > 0 and
asymptotically approached Minkowski space light cones
as r →∞ [1]. The light cone structure of rotating black
holes embedded in AdS was then studied, and it was
shown that once again the light cones possessed no caus-
tics for r > 0 and asymptotically approached pure AdS
light cones as r →∞ [2].
Here we investigate what happens to these light cones
when the Kerr-AdS black hole is electrically charged,
namely for the Kerr-Newman-AdS metric [3]. We study
the structure of null hypersurfaces in Kerr-Newman-AdS
spacetimes (KNAdS) by introducing a three-dimensional
lightlike slicing of this geometry, and develop the equa-
tions governing such a slicing. We then take the ultra-
spinning limit of the Kerr-Newman-AdS metric and
study how this effects the foliation.
Our key result of this paper is the fact that caustics
form inside the inner horizon of the KNAdS black hole,
in stark contrast to the uncharged Kerr-AdS case [2].
Caustics also form at a finite distance outside the black
hole when the ultra-spinning limit is taken. This can be
attributed to the ZAMO angular velocity of the ultra-
spinning geometry, as will be discussed in later sections.
Our paper is organized as follows. We begin in section
II by writing down the equations governing the null folia-
tion and solve them in terms of elliptic integrals. Section
III will focus on studying the properties of the null hyper-
surfaces in a KNAdS geometry. In section IV, we provide
a proof that caustics form inside the inner horizon of the
KNAdS black hole. Section V will be focused on tak-
ing the ultra-spinning limit of the KNAdS geometry and
proving that caustics form at a finite distance outside
the black hole, when this limit is taken. Finally, as an
application, the construction of Kruskal coordinates for
the KNAdS black hole and its ultra-spinning counterpart
will be outlined in section VI.
II. EQUATIONS OF NULL HYPERSURFACES
To begin, the 4-dimensional Kerr-Newman-AdS met-
ric [4, 5], written in standard Boyer-Lindquist form [6],
which describes an asymptotically AdS, rotating, electri-
cally charged black hole is
ds2 = −∆r
Σ2
(
dt− a
Ξ
sin2 θ dφ
)2
+
Σ2
∆r
dr2 +
Σ2
∆θ
dθ2 +
∆θ
Σ2
sin2 θ
(
a dt − r
2 + a2
Ξ
dφ
)2
(2.1)
∗ mtimseis@uwaterloo.ca † abdulrahim.albalushi@uwaterloo.ca
‡ rbmann@uwaterloo.ca
ar
X
iv
:2
00
7.
04
35
4v
1 
 [g
r-q
c] 
 8 
Ju
l 2
02
0
2where,
∆r = (r
2 + a2)
(
1 +
r2
l2
)
− 2mr + q2, Ξ = 1− a
2
l2
, ∆θ = 1− a
2 cos2 θ
l2
, Σ2 = r2 + a2 cos2 θ (2.2)
In this metric, a is the rotation parameter of the black
hole, l is the AdS length and q is the electric charge
of the black hole. Horizons of this black hole are de-
fined through roots of the metric function ∆r, namely
∆r(r±) = 0 for the inner and outer horizons, r±, respec-
tively. Here, we assume that a < l so that the outer
horizon r+ is given by the largest root of ∆r. The metric
(2.1) is written in terms of a coordinate system that is ro-
tating at infinity with an angular velocity of Ω∞ = −a/l2.
Also, the azimuthal coordinate φ is a compact coordinate
with range [0, 2pi].
The relevant thermodynamic parameters for the
KNAdS black hole are given by [7, 8]
M =
m
Ξ2
, J =
am
Ξ2
, Ω =
a(1 + r2+/l
2)
r2+ + a
2
,
A =
4pi
(
r2+ + a
2
)
Ξ
, S =
A
4
, Qe =
q
Ξ
, (2.3)
Φe =
piQe
2MS
(
Q2e +
S
pi
+
S2
pi2l2
)
,
T =
1
8piM
[
1− pi
2
S2
(4J2 +Q4e) +
2
l2
(
Q2e +
2S
pi
)
+
3S2
pi2l4
]
P =
3
8pil2
V =
4pi
3
[
r+(r
2
+ + a
2) +
ma2
Ξ
]
where M , J , Ω, A, S, Qe, Φe, and T , P, V are the mass,
angular momentum, angular velocity, area, entropy, elec-
tric charge, electric potential, temperature, pressure, and
thermodynamic volume respectively. Here, M and J
have been calculated by means of Komar integrals us-
ing the killing vectors ∂t/Ξ and ∂φ respectively [7]. The
thermodynamic parameters in (2.3) satisfy the first law
of black hole thermodynamics
dM = TdS + PdV + ΩdJ + ΦedQe (2.4)
the Smarr relation [8]
M = 2(TS + ΩJ − PV ) + ΦeQe (2.5)
and the Christodoulou-Runi mass relation
M2 =
A
16pi
+
pi
A
(
4J2 +Q4e
)
+
Q2e
2
+
J2
l2
+
A
8pil2
(
Q2e +
A
4pi
+
A2
32pi2l2
)
(2.6)
sometimes referred to as the generalized Smarr formula
[7].
Null hypersurfaces are defined by some function
Φ(x) = const. The goal is to construct equations of this
form for the spacetime (2.1). We start by defining the
ingoing and outgoing Eddington-Finkelstein coordinates
v = t+ r∗ u = t− r∗ (2.7)
where r∗ is the so called tortoise coordinate. The null
hypersurfaces will be described by v = v0 and u = u0,
where (v0, u0) are both constants. These are respectively
called the ingoing and outgoing null generators of the
hypersurfaces. The condition that the hypersurfaces be
null is expressed as
gµν∂µv ∂νv = g
tt + grr(∂rr∗)2 + gθθ(∂θr∗)2 = 0 (2.8)
It should be noted that we would have obtained the same
equation had we used u rather than v. The idea is to fig-
ure out what r∗(r, θ) needs to be in order to describe null
hypersurfaces in the background geometry (2.1). This
amounts to solving a partial differential equation. Once
r∗(r, θ) is found, insertion of the result into (2.7) yields
the equations for null hypersurfaces for the KNAdS met-
ric (2.1).
Noting that
gtt =
gφφ
gttgφφ − g2tφ
=
Ξ2
[
a2∆r sin
2 θ −∆θ(r2 + a2)2
]
∆r∆θΣ2
(2.9)
the partial differential equation that must be solved is
∆r (∂rr∗)
2
+ ∆θ (∂θr∗)
2
= Ξ2
[
(r2 + a2)2
∆r
− a
2 sin2 θ
∆θ
]
(2.10)
which has a separable form. In order to solve this PDE
for r∗(r, θ), we define two new functions
Q2(r) = Ξ2
[
(r2 + a2)2 − a2λ∆r
]
,
P 2(θ) = Ξ2a2
[
λ∆θ − sin2 θ
]
(2.11)
where λ < 1 is the separation constant [1, 2].
Having defined these new functions (2.11), the ansatz
∂rr∗ =
Q
∆r
, ∂θr∗ =
P
∆θ
(2.12)
can be shown that these satisfy (2.10). A solution to
(2.10) is then obtained by integrating the exact differen-
tial
dr∗ =
Q
∆r
dr +
P
∆θ
dθ (2.13)
There will be an integration constant once (2.13) is in-
tegrated which will be denoted a2g(λ)/2, where a is the
rotation parameter of the KNAdS black hole.
3To find a more general solution to (2.10), we follow the
procedure in [1], promoting λ to be a variable, yielding
r∗ = ρ(r, θ, λ). We then obtain
dρ =
Q
∆r
dr +
P
∆θ
dθ +
a2
2
Fdλ (2.14)
where ∂λρ =
a2
2 F and
F (r, θ, λ,m) =
∫ ∞
r
dr′
Q(r′, λ)
+
∫ θ
0
dθ′
P (θ′, λ)
+ g′(λ)
(2.15)
For (2.13) and (2.14) to be functionally equivalent, the
condition
F = 0 (2.16)
needs to hold. This condition is going to fix the depen-
dence of λ strictly in terms of r and θ, for any given
choice of the function g(λ). Therefore, the most general
solution to (2.10) is
r∗ = ρ(r, θ, λ(r, θ)) =
∫ r
0
Q
∆r
dr +
∫ θ
0
P
∆θ
dθ +
a2
2
g(λ)
(2.17)
Once a choice for g(λ) is made, the integrals in (2.17)
are done with λ assumed to be constant. The constraint
(2.16) is then used to find the functional dependence of
λ on r and θ, which is then substituted back into the
results from the integrals in (2.17). Once this is complete,
r∗ = ρ(r, θ, λ) is obtained and the null generators in (2.7)
are found. It is possible to express each of the integrals
(2.17) in terms of elliptic integrals.
III. PROPERTIES OF NULL HYPERSURFACES
IN KNAdS GEOMETRIES
The condition from (2.16) implies that dF = 0. This
yields
µdλ = −dr
Q
+
dθ
P
(3.1)
where µ ≡ −∂λF . It then follows from (2.13) and (3.1)
that ∇r∗ · ∇λ = 0 with respect to the intrinsic 2-metric
dσ2 =
Σ2
∆r
dr2 +
Σ2
∆θ
dθ2 (3.2)
This proves that r∗ and λ are orthogonal to one another
on surfaces of constant (t, φ). It can also be shown that
λ is constant along the null generators defined in (2.7),
through the equations
`α∂αλ = 0 n
α∂αλ = 0 (3.3)
where `α = −∂αv and nα = −∂αu. This follows from
the fact that λ is independent of the coordinates t and
φ. Making use of (2.13) and (3.1), we can rewrite the
intrinsic 2-metric (3.2) as
dσ2 =
1
Ξ4R2
[
∆r∆θdr
2
∗ + µ
2P 2Q2dλ2
]
(3.4)
where
R2 ≡ gφφ
sin2 θ
=
∆θ(r
2 + a2)2 −∆ra2 sin2 θ
Ξ2Σ2
(3.5)
We now rearrange (2.9) to give
gtt − ω2gφφ = 1
gtt
(3.6)
yielding
∆r − a2∆θ sin2 θ
Σ2
+ ω2R2 sin2 θ =
∆r∆θ
Ξ4R2
(3.7)
where
ω ≡ −gtφ
gφφ
=
a[∆θ(r
2 + a2)−∆r]
ΞR2Σ2
(3.8)
is the angular velocity of inertial frame dragging, due to
the rotation of the black hole. The blue line in figure 1
is a plot of this angular velocity as a function of distance
from the KNAdS black hole. The most peculiar feature
of this plot is that when r is small, ω > 0. This means
that when an inertial observer is very close to the black
hole, spacetime is being dragged in the same direction
as the black hole is rotating. However, as r increases, ω
becomes negative. This is signalling that as the observer
gets farther away from the black hole, spacetime is being
dragged in the opposite direction with respect to how the
black hole is rotating. This is also true for the KAdS
black hole, as shown by the green line in figure 1. In
both cases, this peculiar feature of ω is due to the fact
that we are working in a coordinate system that is rotat-
ing at infinity and is not an intrinsic feature of KNAdS
or KAdS black holes, in general. In fact, one can also
see from the plot that as r increases, ω approaches a
constant value in both cases. It can be shown that this
constant value is indeed Ω∞ = −a/l2 which is the an-
gular velocity of the coordinate system at infinity. Here,
the key difference between the KNAdS and KAdS black
holes is that ω becomes non-differentiable at two points
inside the KNAdS black hole, while it remains smooth
for r > 0 in the KAdS case, as can be seen from the plot.
This is due to the presence of q 6= 0 in (3.5) and (3.8),
for the KNAdS black hole.
4FIG. 1. The blue line shows the ZAMO angular velocity of
inertial frame dragging in a Kerr-Newman-AdS geometry for
m = 1, a = 0.5, l = 1, q = 0.5 and θ = pi/2. The green line
shows the ZAMO angular velocity in a Kerr-AdS geometry for
the same parameters. As q increases the plot shifts downward
and as l increases, the plot gets shifted upward. The yellow
line is the l → ∞ limit of ω for KNAdS, keeping the other
parameters fixed.
The yellow line in figure 1 is a plot of ω for the KNAdS
black hole, in the limit where l → ∞. As the AdS
length increases, the plot gets shifted upwards. The yel-
low line is in perfect agreement with the behaviour of
ω for an asymptotically flat Kerr-Newman black hole,
which makes sense because the l → ∞ limit of an AdS
spacetime is a flat spacetime. Note that in the l → ∞
limit, ω > 0 for all values of r, indicating that the iner-
tial frames are always dragged in the same direction as
the black hole, with respect to a reference frame at infin-
ity. However, the discontinuity of ω inside the black hole
remains present.
Making use of the equations (3.4) - (3.8), we can ex-
press the full KNAdS metric (2.1) in terms of the coor-
dinates (t, r∗, λ, φ). Doing this yields
ds2 =
∆r∆θ
Ξ4R2
(
dr2∗ − dt2
)
+R2 sin2 θ (dφ− ωdt)2
+
P 2Q2µ2
Ξ4R2
dλ2 (3.9)
for the KNAdS metric. This form of the metric has
distinct advantages over (2.1): since the ingoing and
outgoing null generators, defined in (2.7), are constant
(dv = du = 0), then dr2∗ = dt
2. Inserting this result into
(3.9) gives
dh2 =
P 2Q2µ2
Ξ4R2
dλ2 +R2 sin2 θ (dφ− ωdt)2 (3.10)
for the induced metric dh2 on a light cone in a KNAdS
background. The form of this metric shows that the null
generators are themselves rotating with the ZAMO angu-
lar velocity ω, relative to observers at infinity. This can
also be seen directly from the fact that `φ = −∂φv = 0
and nφ = −∂φu = 0. One should note that inversion of
the differentials (2.13) and (3.1) are
dr =
Q∆r
Ξ4R2Σ2
[
∆θdr∗ − P 2µdλ
]
dθ =
P∆θ
Ξ4R2Σ2
[
∆rdr∗ +Q2µdλ
]
(3.11)
The equations of null hypersurfaces in KNAdS black hole
geometries are respectively given by v = t+ r∗(r, θ) = v0
and u = t − r∗(r, θ) = u0 where (v0, u0) are constants
and r∗ = ρ(r, θ, λ(r, θ)) where the function λ(r, θ) is de-
termined by the constraint (2.16), analogous to [1, 2].
IV. FORMATION OF CAUSTICS FOR 0 < r < r−
From (3.10), the condition for caustic formation is
PQµ sin θ → 0 (4.1)
where µ is defined in (3.1). This is obtained by taking
the determinant of (3.10). Since the volume element of
a hypersurface is the square root of the determinant of
the induced metric on that hypersurface, if the determi-
nant goes to zero anywhere in the spacetime, the volume
form will also go to zero, signalling the formation of a
caustic. We proceed by analyzing each factor in (4.1)
along an ingoing null generator with λ = constant and r
decreasing.
We begin by noting that from (3.1), r is decreasing
when θ decreases, for fixed λ. This means that P > 0
increases as r decreases, along an ingoing generator when
λ is fixed. The next thing we show is that θ and µ both
increase with increasing m. Note that from (3.11), θ can
be written as θ(r, λ,m).
Taking the differential of F (r, θ, λ,m) defined in (2.15)
keeping r and λ fixed, setting g(λ) = 0 without any loss
of generality, and using condition (2.16) yields
dF = 0 =
∂F
∂θ
dθ +
∂F
∂m
dm (4.2)
From here, it is straightforward to show using (2.15)(
∂θ
∂m
)
r,λ
= Ξ2a2λP
∫ ∞
r
r′dr′
Q3
(4.3)
which is manifestly positive for r > 0. This shows that
as the mass of the black hole increases, so does θ. Now
turning to µ, we have(
∂µ
∂m
)
r,λ
=
∂µ
∂m
+
∂µ
∂θ
(
∂θ
∂m
)
r,λ
(4.4)
Using the fact that µ ≡ −∂λF and (2.15), we obtain
∂µ
∂m
= − ∂
∂λ
∂F
∂m
= Ξ2a2
∂
∂λ
(λI) (4.5)
5FIG. 2. Q(r) for the Kerr-AdS (green) and Kerr-Newman-
AdS (blue) cases for m = 1, a = 0.5, l = 1, q = 0.5,
λ = 0.8. The two dotted black lines are the locations of the
inner and outer horizons, (r−, r+), of the KNAdS black hole
respectively. For these particular parameters, q = 0.25 is
the threshold charge in order for caustics to develop, in the
KNAdS case.
FIG. 3. Q(r) in the l→∞ limit of KAdS and KNAdS, other-
wise known as Kerr and Kerr-Newman Black holes, for m = 1,
a = 0.5, q = 0.5, λ = 0.8. The two dotted black lines are
the locations of the inner and outer horizons, (r−, r+), of the
KN black hole respectively. Caustics will appear for q > 0.25.
where
I ≡
∫ ∞
r
r′dr′
Q3
(4.6)
Next,
∂µ
∂θ
= − ∂
∂θ
∂F
∂λ
= − ∂
∂λ
∂F
∂θ
= − ∂
∂λ
(
1
P
)
(4.7)
which gives
∂µ
∂θ
=
Ξ2a2∆θ
2P 3
(4.8)
Note also that
J ≡ ∂I
∂λ
=
∫ ∞
r
r′∆r
Q5
dr′ (4.9)
which we need in order to carry out (4.5). Putting all
this together yields(
∂µ
∂m
)
r,λ
= Ξ2a2
(
1 +
Ξ2a2λ∆θ
2P 2
)
I +
3
2
Ξ4a4λJ
(4.10)
with I and J defined in (4.6) and (4.9). Since (4.10) is
positive for r > 0, this shows that µ is increasing as the
black hole mass is increasing. Thus, condition (4.1) is
not satisfied by sin θ or µ for m > 0.
The last factor in (4.1) to check is Q. It is not difficult
to show using (2.11) that when the charge of the black
hole vanishes, Q > Q0 > 0, where Q0 = Q(r, λ,m = 0)
[2]. Hence, Q cannot reach zero faster for m > 0 than
it does in pure AdS, and therefore it does not go to zero
for any r > 0, when the black hole is uncharged. Thus,
condition (4.1) is not satisfied by the factor Q in the
Kerr-AdS case [2]. However, this changes once we impose
charge on the black hole.
Figure 2 is a plot of Q(r) for both the Kerr-AdS and
the Kerr-Newman-AdS black holes, for certain values of
the parameters. As one can see in the KAdS case, Q(r) is
positive and never goes to zero for all r > 0. However, in
the KNAdS case it goes to zero inside the inner horizon
of the black hole. Therefore, when q 6= 0, i.e, when the
black hole is charged, Q(r) → 0 for 0 < r < r− where
r− is the inner horizon radius of the Kerr-Newman-AdS
black hole. Thus, we conclude that condition (4.1) is
satisfied for the KNAdS black hole and hence, caustics
are formed between the ring singularity and the inner
horizon of the KNAdS black hole. Condition (4.1) is not
satisfied for any r > r−, so caustics do not form anywhere
outside the inner horizon of the KNAdS black hole.
Figure 3 is a plot of Q(r) in the limit where l → ∞.
Taking this limit of the KNAdS and KAdS metrics yields
the well known, asymptotically flat, Kerr-Newman and
Kerr metrics respectively. As one can see from the plot,
caustics remain present for r > 0 in the charged Kerr-
Newman case and remain absent in the Kerr case, which
is consistent with [1].
By studying the positive roots of ∆r from (2.2), it can
be shown that there exists a critical mass for the KNAdS
black hole, called the extremal mass given by [7]
6Mext =
l
3
√
6
√(1 + a2
l2
)2
+
12
l2
(a2 + q2) +
2a2
l2
+ 2
√(1 + a2
l2
)2
+
12
l2
(a2 + q2)− a
2
l2
− 1
 12 (4.11)
FIG. 4. Q(r) for the extremal KNAdS and KAdS black holes
for l = 1, a = 0.5, q = 0.5, and λ = 0.8. As one can see,
Q→ 0 for r > 0 in the extremal KNAdS case while Q > 0 for
all r > 0 in the extremal KAdS case, indicating that caustics
form for the charged black hole in the extremal limit.
The metric (2.1) describes a naked singularity for M <
Mext and a black hole with an outer event horizon and
an inner Cauchy horizon for M > Mext. For M = Mext,
(2.1) describes an extremal black hole, where the event
horizon and Cauchy horizon coincide. The extremal mass
of the KAdS black hole is given by (4.11) with q = 0.
Figure 4 is a plot of the function Q(r) for the extremal
KNAdS and KAdS black holes. Once again, caustics ap-
pear in the charged case and are absent in the uncharged
case.
Upon further examination, we find that there is a
threshold charge for caustics to develop in the KNAdS
case as well as its asymptotically flat counterpart. The
value of this threshold charge does not depend on the
mass of the black hole nor the AdS length, l, so long as
a < l is satisfied. However, it does have a dependence
on the rotation parameter, a, of the black hole. This is
straightforwardly obtained by noting that for a caustic
to form we must have Q = 0 and r > 0. In the limit that
r → 0 for vanishing Q we find that
|q| > qthreshold =
√
1− λ
λ
a (4.12)
in order for a caustic to form. Figure 5 is a plot of
the threshold charge for caustics to form, qthreshold, as
a function of the rotation parameter of the black hole,
a, holding λ constant, for the KNAdS black hole. We
see that qthreshold grows linearly with the rotation of the
FIG. 5. Threshold charge for caustics to form as a function of
the rotation parameter of the black hole a, for constant values
of λ. In this plot, m = l = 1. qthreshold grows linearly with
a, indicating that the faster the black hole is spinning, the
more charge it must have for caustics to form. This plot is
the same in both the Kerr-Newman-AdS and Kerr-Newman
cases.
black hole: the faster the black hole is rotating, the more
charge it must have for caustics to form inside the inner
horizon. This linear relationship between qthreshold and
a holds true in the Kerr-Newman case as well.
V. ULTRA-SPINNING LIMIT OF KAdS AND
KNAdS BLACK HOLES
The ultra-spinning limit of the metric (2.1) is obtained
by taking the a→ l limit of (2.1) and (2.2) respectively.
This effectively boosts the already rotating coordinate
system to the speed of light and changes the nature of
the spacetime qualitatively because it is no longer viable
to return to a non-rotating reference frame once this limit
is taken [9]. Taking this limit requires the KNAdS geom-
etry to be expressed in terms of a rotating coordinate
system [9]. In order to avoid any coordinate singulari-
ties in the metric after taking the ultra-spinning limit,
it is necessary to introduce a new coordinate given by
ψ = φ/Ξ. With this new coordinate, and taking the
a→ l limit, the metric (2.1) becomes
7ds2 = − ∆
Σ2
[
dt− l sin2 θdψ]2 + Σ2
∆
dr2 +
Σ2
sin2 θ
dθ2 +
sin4 θ
Σ2
[
ldt− (r2 + l2)dψ]2 (5.1)
where
∆ =
(
l +
r2
l
)2
− 2mr + q2, Σ2 = r2 + l2 cos2 θ (5.2)
It is important to notice that when the a → l limit is
taken, the new coordinate ψ becomes non-compact. The
coordinate can be compactified via ψ ∼ ψ+µ, where µ is
a dimensionless parameter which related to the chemical
potential of the black hole. It can be straightforwardly
shown that (5.1) is a solution of the Einstein-Maxwell
equations for Λ < 0. Once again, the outer horizon is
given by the largest root of ∆(r). It is also worth point-
ing out that (5.1) becomes singular at θ = 0, pi, however
this part of the spacetime has been excised and repre-
sents some kind of boundary [9]. This indicates that
topologically, this black hole is a sphere with punctures
at both its poles and hence has a non-compact horizon.
The metric (5.1) is an example of what is known as a
Super-Entropic black hole [9] insofar as it violates the Re-
verse Isoperimetric Inequality [10]. In four dimensions,
these black holes are also solutions to gauged supergrav-
ity [11], which is highly important in the context of the
AdS/CFT correspondence [12]. Note that the ultraspin-
ning KAdS black hole is also described by (5.1), with
q = 0.
In order to study null hypersurfaces in (5.1), it is nec-
essary to define the ingoing/outgoing null generators in
the same way as (2.7), with r∗ = r∗(r, θ) once again. The
PDE for r∗(r, θ), analogous to (2.10) but in the ultra-
spinning case, takes the form
∆ (∂rr∗)
2
+ sin2 θ (∂θr∗)
2
=
(
r2 + l2
)2
∆
− l2 (5.3)
where ∆ is defined in (5.2). To find a solution to this
PDE, it is once again necessary to define two new func-
tions
Q2(r) =
(
r2 + l2
)2 − l2λ∆,
P 2(θ) = l2 sin2 θ (λ− 1) (5.4)
and a solution will be obtained by integrating the exact
differential
dr∗ =
Q
∆
dr +
P
sin2 θ
dθ (5.5)
The first key difference between the KNAdS case and
its ultra-spinning counterpart is the fact that from the
definition of P (θ) in (5.4), one can see that λ > 1 is
a requirement for solutions to be real. This constraint
must hold for all values of r, in the function Q. Recall
that λ < 1 was the assumption in the KNAdS case, so
taking the ultra-spinning limit is forcing λ > 1. The most
general solution to (5.5) is obtained by promoting λ to
be a function of (r, θ) and the procedure, as outlined in
section two, is exactly the same with
F =
∫ rc
r
dr′
Q
+
∫ θ
0+
dθ′
P
+ g′(λ) (5.6)
where rc is some cut off distance needed because Q is not
defined for arbitrarily large values of r due to the λ > 1
constraint. Using the inversion of differentials
Σ2R2dr = ∆Q
(
sin2 θdr∗ − P 2µdλ
)
Σ2R2dθ = P sin2 θ
(
∆dr∗ +Q2µdλ
)
(5.7)
which come from (3.1) and (5.5), the metric (5.1) can be
rewritten in terms of the coordinates (t, r∗, θ, λ) as
ds2 =
∆ sin2 θ
R2
(
dr2∗ − dt2
)
+R2 sin2 θ (dψ − ωUSdt)2
+
µ2P 2Q2
R2
dλ2 (5.8)
where µ ≡ −∂λF 1 and
R2 ≡ gψψ
sin2 θ
=
l2 sin2 θ
Σ2
(
2mr − q2) (5.9)
ωUS ≡ − gtψ
gψψ
=
l
Σ2R2
[
(r2 + l2) sin2 θ −∆] (5.10)
with ωUS being the ZAMO angular velocity of the ultra-
spinning KNAdS black hole. This entire formalism can
easily be applied to the KAdS black hole, yielding the
same equations but with q = 0.
Figure 6 shows a plot of ωUS as a function of distance
from the ultra-spinning KNAdS and KAdS black holes,
respectively. The ZAMO angular velocity ωUS has the
same peculiar feature of being positive for small values
of r and negative for large values of r for both black
holes, as in the regular cases shown in figure 1. However,
rather than asymptotically approaching a constant value
as r →∞, it diverges to −∞. This means that as an in-
ertial observer gets farther away from the ultra-spinning
1 It should be noted that this parameter is not in any way related
to the chemical potential of the black hole mentioned previously
8FIG. 6. ZAMO angular velocity for the ultra-spinning
KNAdS (black) and KAdS (red) black holes respectively with
m = 2, q = 0.5, l = 1 and θ = pi/2. For large r, |ωUS | is
slightly larger in the charged KNAdS case, than in the un-
charged KAdS case.
KNAdS and KAdS black holes, the angular velocity of in-
ertial frame dragging gets larger and larger. Here lies the
second key difference between the regular KNAdS/KAdS
cases and their ultra-spinning counterparts. This be-
haviour of ωUS will play an important role in understand-
ing caustic formation in these spacetimes. We easily ob-
tain the induced metric on a null hypersurface embedded
in the ultra-spinning KNAdS/KAdS spacetime from (5.8)
by noting that for constant v = t + r∗ and u = t − r∗,
dv = du = 0. Therefore, dt2 = dr2∗. Thus, the induced
metric is
dh2US = R
2 sin2 θ (dψ − ωUSdt)2 + µ
2P 2Q2
R2
dλ2 (5.11)
indicating that the null generators are rotating with the
ZAMO angular velocity ωUS . By taking the determinant
of (5.11), the condition for the formation of caustics in
the ultra-spinning case is
µPQ sin θ → 0 (5.12)
Once again, each factor in (5.12) needs to be studied
individually to see where the condition satisfied. One
can straightforwardly show that (5.12) is not satisfied by
µ, P or sin θ, by similar arguments to the ones made in
section four. As with the regular KNAdS case, condition
(5.12) will be satisfied by the factor Q.
Figure 7 shows the function Q(r) for the ultraspinning
KNAdS and KAdS black holes respectively. We see that
it goes to zero both inside and outside the outer horizon
of both black holes, in strong contrast to its KNAdS and
KAdS counterparts [2]. This situation is rooted in the
fact that we must have λ > 1 for the ultra-spinning case.
One physical explanation for the formation of caustics
in these spacetimes is that the null generators are be-
ing dragged with the ZAMO angular velocity, ωUS . Be-
cause this angular velocity is increasing as r increases,
FIG. 7. Q(r) for the ultra-spinning KNAdS and KAdS geome-
tries for m = 2, l = 1, q = 0.5, λ = 1.1. The green dotted line
is the outer horizon location of the uncharged Super-Entropic
black hole, while the blue dotted line is the outer horizon lo-
cation of the charged Super-Entropic black hole. Notice that
caustics form closer to the black hole in the charged case.
there comes a point where the spacetimes are rotating
so fast that the light cones fold up, and their volume
goes to zero, signalling the formation of a caustic. No-
tice that caustics are forming closer to the ultra-spinning
charged black hole than in the uncharged case. This is
consistent with our physical explanation – from figure 6
we see that spacetime is being dragged slightly faster,
for a given value of large r, in the charged case than
in the uncharged case; caustics are thus expected to de-
velop closer to the charged black hole. Caustics are also
present inside both the charged and uncharged super-
entropic black holes, forming closer to the outer horizon
as the charge increases.
Summarizing, taking the ultra-spinning limit of the
KAdS black hole leads to caustic formation inside its
inner horizon for arbitarily small values of q, including
q = 0. This likewise has the effect of caustics forming
outside of the horizon, with their formation occurring
closer to the horizon as q increases.
Although caustics form at finite values of r > r+, there
is still a local notion of causality given from the equiva-
lence principle of General Relativity.
VI. KRUSKAL EXTENSIONS
A. Kruskal Coordinates for KNAdS Black Holes
We start by noting that under the transformations
− dU
κU
= du = d(t− r∗), dV
κV
= dv = d(t+ r∗) (6.1)
9the KNAdS metric (3.9) becomes
ds2 =
∆r∆θdUdV
κ2Ξ4R2UV
+R2 sin2 θ
[
dφ− ω
2κ
(
dV
V
− dU
U
)]2
+
P 2Q2µ2
Ξ4R2
dλ2 (6.2)
where
κ± =
d∆r
dr
|r=r± (6.3)
is the surface gravity of the inner and outer horizons re-
spectively, and (U, V ) are the Kruskal coordinates.
Looking at the metric (6.2), one can see that the first
term is regular at the horizon surfaces U = 0, V = 0.
The second term, however, is singular at these surfaces.
In order to avoid this problem, it is necessary to define
the advanced and retarded angular coordinates
ϕ+ = φ+ α(r, λ), ϕ− = φ− α(r, λ) (6.4)
where
α(r, λ) = aΞ3
[∫ r
0
r′2 + a2
∆rQ
dr′ −
∫ θ
0
1
∆θP
dθ′
]
(6.5)
with P and Q defined in (2.11). It is straightforward to
show using (3.11), (3.9) and (2.11) that
dα = ωdr∗ −Ndλ (6.6)
where
N =
aµ
ΞR2Σ2
[
P 2(r2 + a2) +Q2
]− a3Ξ5
2
[∫ r
0
r′2 + a2
Q3
dr′ +
∫ θ
0
1
P 3
dθ′
]
(6.7)
Therefore, (6.4) and (6.6) allow the metric (6.2) to be rewritten as
ds2+ =
∆r∆θdUdV
κ2Ξ4R2V U
+R2 sin2 θ (dϕ+ − ωdv +Ndλ)2 + µ
2P 2Q2
Ξ4R2
dλ2 (6.8)
or
ds2− =
∆r∆θdUdV
κ2Ξ4R2V U
+R2 sin2 θ (dϕ− + ωdv −Ndλ)2 + µ
2P 2Q2
Ξ4R2
dλ2 (6.9)
depending on the sheet of interest.
For example, (6.8) is regular on the future light sheets
of both the outer and inner horizons of the KNAdS black
hole and ϕ+ is constant along each ingoing null gener-
ator. On the other hand, (6.9) is regular on the past
light sheets of both the outer and inner horizons of the
KNAdS black hole and ϕ− is constant along the outgo-
ing null generators. In both of these cases, N is regular.
This is in agreement with what was done in [1, 2].
B. Kruskal Coordinates for the Ultra-Spinning
KNAdS Black Hole
The method for constructing Kruskal coordinates for
the ultra-spinning KNAdS black hole is similar to what
was done above, with a few minor changes. We begin by
using (6.1) to rewrite the metric (5.8) as
ds2 =
∆ sin2 θdUdV
κ2R2UV
+R2 sin2 θ
[
dψ − ωUS
2κ
(
dV
V
− dU
U
)]2
+
µ2P 2Q2
R2
dλ2 (6.10)
with ωUS being defined in (5.10). The surface gravity κ,
in the ultra-spinning case, is defined as
κ± =
d∆
dr
|r=r± (6.11)
with ∆ defined in (5.2). Once again, the metric (6.10) is
not regular at the horizon surfaces U = 0 and V = 0, due
to the second term. Analogously to the above procedure,
this is dealt with by defining the advanced and retarded
compactified angular coordinates
ψ+ = ψ + β(r, λ), ψ− = ψ − β(r, λ) (6.12)
where
β(r, λ) = l
[∫ r
0
r′2 + l2
∆(r′)Q(r′, λ)
dr′ −
∫ θ
0+
1
sin2 θ′P (θ′, λ)
dθ′
]
(6.13)
with P and Q defined in (5.4). Making use of (5.7), (5.10)
and (5.4), it is not hard to show that
dβ = ωUSdr∗ −Ndλ (6.14)
where
10
N ≡ lµ
Σ2R2
[
P 2(r2 + l2) +Q2
]− l3
2
[∫ r
0
r′2 + l2
Q3
dr′ +
∫ θ
0
1
P 3
dθ′
]
(6.15)
Using (6.12) and (6.14), we can write the metric (6.10) as
ds2+ =
∆ sin2 θdUdV
κ2R2UV
+R2 sin2 θ(dψ+ − ωUSdv +Ndλ)2 + µ
2P 2Q2
R2
dλ2 (6.16)
or
ds2− =
∆ sin2 θdUdV
κ2R2UV
+R2 sin2 θ(dψ− − ωUSdu−Ndλ)2 + µ
2P 2Q2
R2
dλ2 (6.17)
again, depending on which sheet is of interest. (6.16)
is regular for the future light sheets of both the inner
and outer horizons of the ultra-spinning black hole, while
(6.17) is regular on the past light sheets. Once again, N
is regular in both cases. This procedure can be straight-
forwardly applied to the ultra-spinning KAdS black hole
and similar results are obtained.
VII. CONCLUSION
We have inspected the light cone structure of the
Kerr-Newman-AdS black hole by studying the proper-
ties of Null Hypersurfaces embedded in this spacetime.
The equations that govern these properties were ob-
tained through a three-dimensional lightlike foliation of
the KNAdS spacetime. Caustics were found to develop
for 0 < r < r−, in strong contrast to what was found
for the uncharged, Kerr-AdS case [2]. We then took the
l → ∞ limit of the KNAdS and KAdS spacetimes re-
spectively and found that caustics still develop inside the
asymptotically flat Kerr-Newman black hole, but remain
absent in the Kerr geometry, consistent with [1]. We also
found a linear relation between the threshold value of
charge needed for caustics to form and the rotation pa-
rameter of the black hole, indicating that the amount of
electric charge the black hole must possess for the for-
mation of caustics depends on how fast the black hole is
spinning. As the black hole rotates faster, more charge
is needed for caustics to form.
We have checked that our results are not a coordinate
artifact by transforming our metric to an asymptotically
non-rotating coordinate system. Equations (2.11) remain
the same up to a factor of Ξ2 and all our results follow.
We then considered the ultra-spinning limit of both
the KNAdS and KAdS black holes, obtained by taking
the a→ l limit of the rotation parameter, yielding exam-
ples of Super-Entropic black holes [9]. Caustics appear
inside the horizon for all possible values of q, including
q = 0. Moreover, caustics develop at finite distances out-
side both of these black hole geometries. This can be
understood from an examination of the ZAMO angular
velocity, which gets larger as one moves away from the
black hole. This means that there comes a point where
the spacetime is rotating so fast that the light cones ‘fold
up’ and a caustic forms.
We also derived the Kruskal extensions for both the
KNAdS black hole and its ultra-spinning limit, based on
the properties of null hypersurfaces we found.
These results could be useful for studying rotating
black holes in the AdS/CFT correspondence [13, 14] and
in wave propagation in numerical relativity [15, 16].
It would be interesting to study the light cone structure
of more exotic types of AdS black holes. These include
both charged and uncharged higher dimensional rotating
AdS black holes, particularly those with multiple spins.
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